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Images and Inverse images in the Category of 
Fuzzy groups 

P.Vijayalakshmi, Dr. P. Alphonse Rajendran 
 

Abstract— Ever since fuzzy sets were introduced by Lotfi  Zadeh  in the year 1965 [ 1 ], many algebraic structures  were introduced  by 
many authors . One such structure is fuzzy groups introduced in  [ 2 ] and [ 3 ]. In  [ 4 ] the authors introduced a novel definition of fuzzy 
group homomorphism between any two  fuzzy groups and gave  element wise characterization of some special morphisms in the category  
of fuzzy groups 

          Index Terms— Epimorphism, Epimorphic images, Fuzzy sub group,  Fuzzy group homomorphism,  Images, Inverse 
          Images, , Monomorphism, Strong Monomorphism 

 

——————————      —————————— 

1 INTRODUCTION                                                                     
In this article we prove that the category of fuzzy groups  has 
epimorphic images and inverse images. We begin with the 
following definitions. 
 

In [3], Azriel Rosenfeld has defined a fuzzy subgroup 𝜇 on a 
group  S  where  µ : S→[ 0 ,1]   is a function as one which satis-
fies  for all                            
Equivalently by proposition 5.6 in [ 3 ] 
(i)  
(ii)  𝜇(𝑥−1) =  𝜇(𝑥) 
     

We take this as the definition of a fuzzy group.  However in  
our  notation and terminology for fuzzy sets a fuzzy group in 
this article will be a  pair   

 is a func-
tion } , where  
(i) X is a group and  
(ii)   for all  x, y ∈ X 
 
Let and  be fuzzy groups. Then a fuzzy group 
homomorphism from   into  is a  pair  
where   is a  group homomorphism (in the crisp 
sense) and  is a function such that 

. Equivalently  :  → is a fuzzy 
group homomorphism (or fuzzy morphism) if  is 
a homomorphism (crisp ) of groups and the following dia-
gram commutes. 
                  )(Xµ                            )(Yη  
 
                                                         
                                 
                                          f         
                       X                                  Y 

                                      fig. 1 
2 DEFINITIONS 
 
Definition 2.1 
A fuzzy morphism   is called a 
monomorphism in F if for all pairs of fuzzymorphisms 

 and 

 im-
plies that {( i.e).    is left cancellable in 
F}.  
 
A monomorphism is called a strong monomorphism if 
(𝑓,𝛼 ) is injective. 

Definition 2.2 
Let be a given fuzzy group homo-
morphism and (𝑢 ,𝛿 ): (𝐼, 𝜉 ) → (𝑌, 𝜂 ) be a fuzzy sub-
group of (𝑌,𝜂). Then (𝐼, 𝜉) is called an image of  if  
 
(i) for some fuzzy group homomor-
phism (𝑓1,𝛼1): (𝑋, 𝜇) → (𝐼, 𝜉)  
 
(ii) If ),(),(:),( ηθ YJtv →   is  any fuzzy subgroup of  
such that ),(),(),( βα gtvf =  for some fuzzy group homo-
morphism  then there exists a  
fuzzy group homomorphism (ℎ , 𝛾 ): (𝐼, 𝜉) → (𝐽 ,𝜃 ) 
 such that ).,(),(),( γhtvsu =        
 

 
 
 
 
 
 
 
 
 
 
 
                                    fig. 2 

})(,)({min)( 1 yxxy µµµ ≥− ., Syx f

})(,)({min)( yxxy µµµ ≥

]1,0[:,/))(,({),( →f= XXxxxX µµµ

})(,)({min)( 1 yxxy µµµ ≥−

),( µX ),( ηY
),( µX ),( ηY ),( αf

YXf →:
)()(: YX ηµα →

fηαµ = ),( αf ),( µX ),( ηY
YXf →:

α

µ η

),(),(:),( ηµα YXf →

),( βg
),(),(),(),(),,(),(:),( δαβαµθδ hfgfXZh =→

),(),( δβ hg = ),( αf

),(),(:),( ηµα YXf →

),( αf

),(),(),( 11 αα fsuf =

),( ηY

),(),(:),( θµβ JXg →
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Definition 2.3 :   Let (𝑓,𝛼) :  (𝑋 ,  𝜇) →  (𝑌 ,  𝜂) be  a  
given  fuzzy  group  homomorphism 
and (𝑢, 𝛿) :  (𝑍 ,  𝜃) →  (𝑌 ,  𝜂)  be  a fuzzy sub group. An 
object  (𝑃, 𝜖) in  F  is called the inverse  image  of (𝑍, 𝜃) 

by  if there exists morphisms (𝑝1,𝛽1) :  �𝑃, 𝜖 � →

(𝑍,𝜃)   and (𝑝2,𝛽2) :  �𝑃, 𝜖 � → (𝑋 ,𝜇)   such that   
(i).   and  
(ii).  if  there exists morphisms (𝑞1, 𝛿1) :  �𝑄, 𝜉 � → (𝑍 ,𝜃)  

and  (𝑞2, 𝛿2) :  �𝑄, 𝜉 � → (𝑋 ,𝜇)   such   that 
then there exists a unique 

fuzzy group        homomorphism(ℎ , 𝛾): ( 𝑄 , 𝜉 ) → (𝑝 , 𝜀 )  
such that  and  

     (𝑝2,𝛽2) (ℎ , 𝛾 ) = ( 𝑞2,𝛿2) .        
 
            (𝑄, 𝜉)                                ),( 11 δq  
 
                                                                          
  ),( γh  
                                   ),( εp       ),( 11 βp            ),( θZ  
                                      
                                          ),( 22 βp                  ),( δu   
        
             ),( 22 δq             ),( αf  
                                ),( µX                             ),( ηY  
                                                 fig. 3 

Remark 2.4: 
(a)  Since  (𝐼, 𝜉)   and     are fuzzy subgroups of   

, and ),( tv  are strong monomorphisms. 
 
(b)  From (ii)  we have 𝑣ℎ = 𝑢  is injective  and   
is also  injective , both  and   are injective. Thus  
is a strong monomorphism.[definition of strong  monomor-
phism] 
 
(c) Since ),( tv   is  a  (strong )  monomorphism.   with 
the above property in (ii) is unique. 

 A  category  A  is said to have images  if  every morphism 
in that category has an  image .  Moreover, if in the factoriza-
tion , the morphism  is 
always  an epimorphism, then the category A  is said to have 
epimorphic images. We now prove 

3 THEOREMS 
Theorem 3.1: The category of fuzzy  groups has epimorphic 
images. 
 

Proof.  We prove the  theorem  via two lemmas. 
 
Lemma  3.2:  The category  of fuzzy groups has images.   
 
Proof.  Let   be any given fuzzy  
group homomorphism. 

Let 𝑓(𝑋) = {𝑓(𝑥)
𝑥 ∈ 𝑋� }  .   

Define ,  as   for all x   

𝜂1:𝑓(𝑋) → [ 0 , 1 ]   as 𝜂1 𝑓(𝑥) =  𝜂𝑓(𝑥)  and 

𝛼1:  𝜇(𝑋) → 𝜂1𝑓(𝑋) as  
 

 
 
 
 

 
 
 
 
 
 
 

 
                                            fig. 4 
 
Let  𝑖𝑓(𝑋):  𝑓(𝑋) →  𝑌   and )()(: 1)(1

YXfi Xf ηηη →   be the 
respective inclusion maps. Then         

 is a fuzzy subgroup of . In fact 
),( )()( 1 XfXf ii η  ) is a strong  monomorphism. 

 

Claim. ),()1,)((:))(1,)(( ηηη YXfXfiXfi →   is an image  

of .   
Now from the definitions, it follows that for all x

)()()( )(1)( xfxfixfi XfXf ==  

so that  𝑖𝑓(𝑋)° 𝑓1 = 𝑓.  Similarly ααη =1)(1
Xfi  so that 

).,(),(),( 11)()( 1
ααη ffii XfXf =      

Thus condition (i) of definition 1.2 is satisfied.  
Suppose there exists a morphism  
and a strong monomorphism   such 
that                     (1)  

Define ℎ:  𝑓(𝑋) →  𝐽  by                      (2) 
Then   is well defined. 
For     

  [ from (1)]  

    since  is injective ].  

),( αf

),)(,(:),(),( 2211 βαβδ pfpu

),)(,(),)(,( 2211 δαδδ qfqu =

),(),)(,( 1111 δγβ qhp =

),( θJ
),( ηY ),( su

st =γ
h γ ),( γh

),( γh

),(),(),( 11 αα fsuf = ),( 11 αf

),(),(:),( ηµα YXf →

)(:1 XfXf → )()(1 xfxf = .Xf

)()()( 111 xfxfx ηηµα ==

),)(( 1ηXf ),( ηY

),( αf
,Xf

),(),(:),( θµβ JXg →
),(),(:),( ηθϑ YJt →

),(),(),( αβϑ fgt =

)()( xgxfh =
h

)()( 21 xfxf =
)()( 21 xgxg ϑϑ =⇒

)[()( 21 xgxg =⇒ ϑ
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Moreover Since   is a homomorphism of groups, 
h is also a homomorphism of groups.    
Also for all     (by (2)) 
                                                    =   ( by (1) )    

                                    ⟹ 𝑣ℎ = 𝑖𝑓(𝑋)                          (3) 

Again  we define 𝛾: 𝜂1�𝑓(𝑋)� → 𝜃(𝐽)  as   follows 
Given x X, )()(1 xfxf ηη =  
                                     )(xvgη=  (by  (1)  ) 
                                      =   [ since ] 
Hence for each  there is a unique θg(x)
since  is injective] such that          (4) 
So define 
      𝛾 ∶  𝜂1𝑓(𝑋) →  𝜃 (𝐽)  by 𝛾𝜂1𝑓(𝑥) =  𝜃𝑡(𝑥)           (5) 
[γ is well defined  since    
                                      

                                       
                                        
 
Moreover for all  x [ defini-
tion of ]   
                                                              =  [since  ] 
 and  so .  
Thus  is a fuzzy group homo-
morphism.  

 
 
 
 
 
 
 
 
 
 
 
 

 
                                               fig. 5 
 
Finally  for all 𝑥 ∈  𝑋 , 𝑡𝑡�𝜂1𝑓(𝑥)� =  𝑡𝑡𝑡(𝑥)  
                                                                    [ by   (5)] 
                            = ]sin[ vtce ηθ =  

                            =  ]sin[ fvgce =  
                            =   
which implies that 
                                𝑡𝑡 = (𝑖𝑓(𝑥), 𝑖𝑚𝑓(𝑥))

  
(6) 

from (3) and  (6)  we have       
                            
                              (𝑣, 𝑡)(ℎ, 𝛾) = (𝑖𝑓(𝑥), 𝑖𝑚𝑓(𝑥)) 
Thus condition (ii) of definition 1.2  is also satisfied. 
Thus  the category of fuzzy groups say  F  has images.  
 

Lemma  3.3:  Let  be a fuzzy group     
homomorphism and  let   

),(),(),( ),(),( 11 ηξµ α YIX suf  → →    
be  a  factorization of  through its image

).,(),(:),( ηξ YIsu → Then  is an epimorphism. 
 
proof.   Let   be  fuzzy  
group homomorphism such that   
�𝑔1,  𝛽1� �𝑓1,  𝛼1� =  �𝑔2,  𝛽2� (𝑓1,  𝛼1)             (7) 
Let  be the equalizer for  

and  [ This exists by [4]  ] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                            fig. 6 
 

Then                  (8)                                                                            
Now from (1) and the definition of an equalizer  there exists  a  
unique  fuzzy group homomorphism  
 
            (𝑘 ,𝛿 ): (𝑋 ,𝜇 ) → (𝐸, 𝜃)    such that       
                            (9)        
Hence   (10)      
Thus    factors through   .                                                                                           
Therefore by the definition of an image , there exists a unique 
fuzzy group homomorphism  such 
that �𝑢 ,  𝑠� �ℎ ,  𝛾�(𝑝,𝜔) =  (𝑘 ,  𝑠 ) 

 
 
 
 
 
 
 
 
 
 
 

                                            fig. 7 
 

This implies that  identity  on      (11)                                                   

Now  from (2)         
                                  

JXg →:

,Xxf )()( xgxhf ϑϑ =
)(xf

f

)(xgtθ θηϑ t=
,Xxf )[(Jθf

t )()(1 xgtxf θη =

)()( 21 xfxf ηη =
)()( 21 xgxg ηϑηϑ =⇒

)()( 21 xgtxgt θθ =⇒
)]()( 21 xgxg θθ =⇒

)()()(, 1 xgxfxfX θγηγη ==f
γ

)(xhfθ hfg =
hθγη =1

),(),)((:),( 1 θηγ Jxfh →

)(xgηϑ
)(xfη
)(1 xfη

( )ηµα ,),(),( YXf →

),( αf
),( 11 αf

),(),(:),(,),( 2211 τξββ CIgg →

),(),(:),( ξθγ IEh →
),( 11 βg ),( 22 βg

),(),(),(),( 2211 γβγβ hghg =

),(),(),( 11 αδγ fkh =
),(),(),(),(),(),( 11 ααδγ ffsukhsu ==

),( αf ),( θE

),(),(:),( θξω EIp →

=),(),( ωγ ph ),( ξI
),(),(),(),( 2211 γβγβ hghg =

),)(,(),(),(),(),( 2211 ωγβωγβ phgphg =⇒
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 by (5)                                                                                                                             
Hence ),(),(:),( 11 ξµα IXf →    is an epimorphism. 
Proof of the Theorem.  From 3.2 and Lemma 3.3,  it follows 
that  F  has epimorphic images.  
 
Remark  3.4: We can prove that any two  images are isomor-
phic fuzzy groups. Hence for practical purposes the image of 
(𝑓,𝛼) :  (𝑋 ,  𝜇) →  (𝑌 ,  𝜂)  will be taken as   
where  is the restriction of . 

 
Theorem 3.5: The category of fuzzy groups has  inverse  imag-
es. 
 
Proof.  

            Let })()({ Zuxf
XxP f

f=   

Then P is a subgroup of X. For if    and 

  where  , then  

𝑥1𝑥2−1 =  𝑢(𝑧1)( 𝑢(𝑧2))−1 =  𝑢(𝑧1)𝑢(𝑧2−1)  
                       =  𝑢(𝑧1  𝑧2

−1) ∈  𝑢(𝑍)  

so that  and hence  P   is a  subgroup  of  X. 

Define  𝜖 :  𝑃 →  [0 , 1]  as  𝜖(𝑥) =  𝜇(𝑥) , for all , 

 that is  𝜖 = 𝜇
𝑃�  .  Then (𝑃, 𝜖 )  is a fuzzy subgroup  of  

.  

Consider�𝑖𝑃  , 𝑖𝜖(𝑃) � :  �𝑃 ,  𝜖 � →  (𝑋 , 𝜇 ). From the 
definition of  𝜖 , we see that for all   𝜇 𝑖𝑃(𝑥) =
 𝜇(𝑥) =  𝜖(𝑥) =  𝑖𝜖(𝑃)𝜖(𝑥)  so that 𝜇 𝑖𝑃 =  𝑖𝜖(𝑃) 𝜖.   
Hence �𝑖𝑃  , 𝑖𝜖(𝑃) � :  �𝑃 ,  𝜖 � →  (𝑋 , 𝜇 )  is a fuzzy 
group  homomorphism.  
Moreover since 𝑖𝜖(𝑃) ∶  𝜖(𝑃) →  𝜇 (𝑋) is injective. 

 �𝑖𝑃  , 𝑖𝜖(𝑃) � :  �𝑃 ,  𝜖 � →  (𝑋 , 𝜇 )  is a  fuzzy subgroup.  
Next we define  a  fuzzy group homomorphism 
 (𝑝1  ,𝛽1) :  �𝑃, 𝜖 � → (𝑍 ,𝜃)  as   follows.   
Now x   𝑓(𝑥) =  𝑢(𝑧)  for some z ( by defini-
tion of P ).  
Moreover    since  is  injective.   
Thus x  there is a unique z  such that

.                                     

Define  𝑝1(𝑥) = 𝑧  if                                       (12) 
  Again x      
                      
                       [ since  

                     ⇒ 𝛼𝛼(𝑥) =  𝜂𝜂(𝑧)  [ since 𝜖 =  𝜇 𝑃� ]   

                    ⇒ 𝛼𝛼(𝑥)  =  𝛿𝛿(𝑧)  [ since 𝜂𝜂 = 𝛿𝛿]   
   Also  𝛿𝛿(𝑧1) =  𝛿𝛿(𝑧2 ) ⇒ 𝜃(𝑧1) =  𝜃(𝑧2) (since (𝑢, 𝛿) 

is a fuzzy subgroup ⇒ δ is injective ) 
 Thus given there is a unique 𝜃(𝑧) ∈  𝜃(𝑍) ( z need 

not be unique ) such that 
𝛼𝛼(𝑥) =  𝛿𝛿(𝑧).  
Define 𝛽1:  𝜖(𝑃) → 𝜃(𝑍) as 𝛽1𝜖(𝑥) = 𝜃(𝑧) if   
            𝛼𝛼(𝑥) =  𝛿𝛿(𝑧)                                                          (13) 
Claim 1. (𝑝1,𝛽1) :  �𝑃, 𝜖 � → (𝑍 ,𝜃) is  a fuzzy group  
homomorphism. 
Now  for all   𝜃𝑝1(𝑥) =  𝜃(𝑧)   where  

 [ by  (12)] 

 
 

                                            fig. 8 
 

Also 𝛼𝛼(𝑥) =  𝛿𝛿(𝑧) so that 𝛽1𝜖(𝑥) = 𝜃(𝑧)  by (2) 
Hence 𝜃𝑝1(𝑥) = 𝜃(𝑧) where f(x) = u(z)  from (3). 
Thus  for all 𝑥 ∈  𝑃,   𝛽1𝜖(𝑥) = 𝜃𝑃1(𝑥)  so that 
  𝛽1𝜖 = 𝜃𝑃1.    
Hence the  claim 1. 
Claim 2. �𝑢 ,𝛿 � �𝑝1,  𝛽1� = �𝑓,  𝛼 � (𝑖𝑃 ,  𝑖𝜖(𝑃))    
Now for all  𝑥 ∈  𝑃, 𝑢𝑝1(𝑥) =  𝑢(𝑧), if   f(x) = u(z)   by (1)                        
                                                  =   f(x) 
                                                  =  𝑓 𝑖𝑃(𝑥)         
                                 ⇒ 𝑢 𝑝1 =   𝑓 𝑖𝑃                                        (A)                     
Also  for  all  𝑥 ∈ 𝑃,𝛿𝛿1𝜖(𝑥) = 𝛿𝛿(𝑧)  
 where  𝛽1𝜖(𝑥) = 𝜃(𝑧)   
if  𝛼𝛼(𝑥) = 𝛿𝛿(𝑧)  by (2)            
Hence 𝛿𝛿1𝜖(𝑥) = 𝛿𝛿(𝑧)     
                                = 𝛼𝛼(𝑥) 
                                =  𝛼 𝑖𝜖(𝑃)𝜖(𝑥)    for  all  𝑥 ∈  𝑃.          
 Therefore  𝛿𝛽1 = 𝛼 𝑖𝜖(𝑃)                                                         (B) 
From (A)  and  (B) we get   claim (2)  

 

 

 

 

 
                                         fig. 9 

),(),( 2211 ββ gg =⇒

),)(( 1ηXf
1η η

Pxx f21 ,
)(,)( 2211 zuxzux == Zzz f21 ,

Pxx f−1
21 ,

P fx

),( µX

,Pxf

Pf Zf

)()( 21 zuzu = 21 zz =⇒ u
Pf ⇒ Zf
)()( zuxf =

)()( zuxf =
Pf Zzzuxf f=⇒ ),()(

)()( zuxf ηη =⇒
)()( zux ηαµ =⇒ ]fηαµ =

,Pxf

,Pxf
)()( zuxf =
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Suppose there exists   (𝑞1, 𝛿1) :  �𝑄, 𝜉 � → (𝑍 ,𝜃)  and  

(𝑞2, 𝛿2) :  �𝑄, 𝜉 � → (𝑋 ,𝜇) such   that 

                                             (14) 

We define (ℎ,𝛾) :  (𝑄 , 𝜉) →  (𝑃 ,  𝜖) as follows  
Let 𝑡 ∈  𝑄.  Then𝑞2(𝑡) ∈  𝑋 and 𝑞1(𝑡) ∈  𝑍 such 
that 𝑓𝑞2(𝑡) = 𝑢𝑞1(𝑡) ∈ 𝑢(𝑧). 
Hence (by  definition of  P )  and 

        𝑝1𝑞2 (𝑡) =  𝑞1(𝑡) by definition of 𝑝1.  
Define  ℎ :  𝑄 →  𝑃   as                                    (15) 

Also define  𝛾 ∶  𝜉(𝑄) → 𝜖(𝑃)  by 
                 𝛾𝜉(𝑡) =  𝛿2𝜉(𝑡) 𝑡 ∈ 𝑄  
Hence claim 2. 
Claim 3 :                                                                                                                                             
γ  is  well  defined. (that is we have to prove that              
𝛿2𝜉(𝑡) belongs  to P) 

 

 
 

 
 
 
 

                                            fig. 10 
 
Now for all 𝑡 ∈  𝑄,𝛿2𝜉(𝑡) =  𝜇𝑞2(𝑡)     
[ since 𝛿2𝜉 =   𝜇𝑞2 ]  =   𝜖𝑞2(𝑡)  
[ since 𝑞2(𝑡) ∈  𝑃  and  𝜖 =  𝜇 𝑃�  𝑎𝑎𝑎 𝑠𝑠  𝛿2𝜉(𝑡) belongs 
to 𝜖(𝑃) [since 𝑞2(𝑡) ∈  𝑃]                         
Thus γ is well defined.  
Moreover for all 𝑡 ∈  𝑄  𝛾𝛾(𝑡) = 𝛿2𝜉(𝑡)   
              =  𝜇𝑞2(𝑡)  [ since (𝑞2,𝛿2) :  �𝑄, 𝜉 � → (𝑋 , 𝜇) is a  
fuzzy  group homomorphism]         
             = 𝜖𝑞2(𝑡)  [ since  and 𝜖 =  𝜇 𝑃  � ] 
             = 𝜖ℎ(𝑡) [ by  definition of  
Hence  𝛾𝜉 =  𝜖ℎ  so that (ℎ,𝛾) :  (𝑄 , 𝜉) →  (𝑃 ,  𝜖) is  a  
fuzzy group  homomorphism. Finally by  definition of  h  and  
γ  we  have 𝑖𝑃  ℎ =  𝑞2  and  𝑖𝜖(𝑃) 𝛾 =  𝛿2    so that 
( 𝑖𝑃 ,   𝑖𝜖(𝑃) ) (ℎ , 𝛾 ) =  ( 𝑞2 ,𝛿2)                                     (16) 
Claim 4 : 

  
Now  for   all  𝑡 ∈ 𝑄, 𝑝1 ℎ(𝑡) = 𝑝1𝑞2( ( by  definition of h  ) 
                                                        =  𝑞1(𝑡)   
 and hence   𝑝1ℎ =  𝑞1                                                           (17) 
Also for   all   𝑡 ∈  𝑄,  𝛽1𝛾(𝜖(𝑡)) = 𝛽1𝛿2(𝜖(𝑡))     (18) 
 
and  𝛿𝛽1𝛿2(𝜖(𝑡)) = 𝛼 𝑖ϵ(P)𝛿2(𝜖(𝑡))  
 [ since 𝛿𝛽1 = 𝛼 𝑖 𝜖(𝑃)] 

                                                   
                            =  𝛼𝛼2(𝜖(𝑡))  =  𝛿𝛿1(𝜖(𝑡))    
                                                            [ since 𝛿 is injective ] 
We conclude that 𝛽1𝛿2�𝜖(𝑡)� =  𝛿1(𝜖(𝑡))                      (19)    
From (7) and (8)  we  conclude that 𝛽1𝛾(𝜖(𝑡)) = 𝛿1(𝜖(𝑡)) 
(Since δ is injective ) 
In other words 𝛽1𝛾 = 𝛿1                                                        (20) 
Thus the category of fuzzy groups has inverse images. 
Note  3.6: 
As in any category we can prove that any two  images / in-
verse images are isomorphic. 
Remark 3.7:  Since any  two inverse images can be  proved to 
be isomorphic fuzzy groups, from the construction in proposi-
tion 3.1.23.  it follows that  the inverse image of a fuzzy sub-
group by 

 can be taken as   
where  𝑓−1(𝑧) =  {𝑥 ∈ 𝑋 𝑔𝑔𝑔𝑔𝑔 𝑓(𝑥) ∈ 𝑍} ( set theoretic inverse 
image ) and  is the inclusion. 
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