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Images and Inverse images in the Category of
Fuzzy groups

P.Vijayalakshmi, Dr. P. Alphonse Rajendran

Abstract— Ever since fuzzy sets were introduced by Lotfi Zadeh in the year 1965 [ 1 ], many algebraic structures were introduced by
many authors . One such structure is fuzzy groups introduced in [2]and [ 3 ]. In [ 4] the authors introduced a novel definition of fuzzy
group homomorphism between any two fuzzy groups and gave element wise characterization of some special morphisms in the category
of fuzzy groups

Index Terms— Epimorphism, Epimorphic images, Fuzzy sub group, Fuzzy group homomorphism, Images, Inverse

Images, , Monomorphism, Strong Monomorphism

1 INTRODUCTION

In this article we prove that the category of fuzzy groups has
epimorphic images and inverse images. We begin with the
following definitions.

In [3], Azriel Rosenfeld has defined a fuzzy subgroup [ on a
group S where p:5—[0,1] isa function as one which satis-
fies p(xy™) = min{ w(x),u(y)} forall X,y €S.
Equivalently by proposition 5.6 in [ 3 ]

(@) w(xy) =min{ 1(x),z(y)}

i) u(x™) = pu(x)

We take this as the definition of a fuzzy group. However in
our notation and terminology for fuzzy sets a fuzzy group in
this article will be a pair

(X, 1) ={(x,u(x)) IxeX,u:X—->[0,1] isa func-
tion } , where

(i) X is a group and

i) p(xy™) =min{ z(x),u(y)} forall x,y €X

Let(X,u#)and (Y,n) be fuzzy groups. Then a fuzzy group
homomorphism from (X, u) into (Y,7n) isa pair (f,a)
where f:X —Y isa group homomorphism (in the crisp
sense) and @ p(X)—>n(Y) is a function such that
o =nf . Equivalently (f,a) : (X, u) - (Y,n)isa fuzzy
group homomorphism (or fuzzy morphism) if f: X —Y is
a homomorphism (crisp ) of groups and the following dia-
gram commutes.

1(X) a n(Y)
7 . T n
f
X > Y
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2 DEFINITIONS

Definition 2.1

A fuzzy morphism (f,a):(X,u)—>(Y,n) is called a
monomorphism in ¥ if for all pairs of fuzzymorphisms

(9, ) and |
(h,6):(Z,0) > (X, 1), (f,a)(g, f)=(f,a)(h,5) im-

plies that (g, )= (h,0){(i.e). (f,a) isleft cancellable in
.

A monomorphism is called a strong monomorphism if
(f, & ) is injective.

Definition 2.2

Let (f,a):(X,u)—(Y,n) be a given fuzzy group homo-
morphism and (u,8 ):(I,&) = (Y,n) be a fuzzy sub-
group of (Y,1). Then (I, §) is called an image of (f,a) if

@) (f,a)=(u,s)(f,, e, ) for some fuzzy group homomor-
phism (f1, @1): (X, 1) = (1,€)

(i) If (v,t):(J,80) = (Y,n) is any fuzzy subgroup of (Y,7)
such that (f,a)=(v,t) (g, f) for some fuzzy group homo-
morphism (g, £):(X,#)—(J,8) then there exists a
fuzzy group homomorphism (h,y): &) -» (J.,6)

such that (u, s) = (v, t) (h, ).

.3
(f1. a1) (u.s)
X, p)_ (f.0) ¥.m
(9.8 (hy) Alwt)
.6
fig. 2
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Definition 2.3 : Let(f,a): (X, u) = (Y, n)be a

given fuzzy group homomorphism

and (u,6): (Z, ) > (Y, 1) be afuzzy sub group. An
object (P, €) in ¥ is called the inverse image of (Z, 0)

by (f,a) if there exists morphisms (pq, B1) : (P, € ) -
(Z,0) and (p,,B8,) : (P, E) — (X ,u) such that

@. (u,8)(p,,B):(f,a)(p,,B,) and
(ii). if there exists morphisms (qy, 87) : (Q, f) - (Z,0)

and (g5, 65) : (Q,f) - (X,u) such that
(u,9)(q,,0,)=(f,a)(q,,0,) then there exists a unique
fuzzy group homomorphism(h ,7):(Q,¢8) - (p,e)
such that (p;, B;)(h,») =(d,,6,) and

(P2, B2) (h,¥) = (q2,62) .

@.$) (01, 61)
(h,7)
(p,e)___(DyB1) (Z,0)
(p2.52) (u,9)
(92,6>) (f o
(X, u) (Y, 7)
fig. 3
Remark 2.4:
(@) Since (I,§) and (J,0) are fuzzy subgroups of

(Y,n), (u,s) and (v,t) are strong monomorphisms.

(b) From (ii) we have Vh = u is injective and ty=s
isalso injective, both h and y are injective. Thus (h,y)
is a strong monomorphism.[definition of strong monomor-
phism]

(c) Since (v,t) is a (strong) monomorphism. (h, ) with
the above property in (ii) is unique.

A category g# is said to have images if every morphism
in that category has an image . Moreover, if in the factoriza-
tion (f,a)=(u,s)(f,,@,), the morphism (f, &) is
always an epimorphism, then the category ¢# is said to have
epimorphic images. We now prove

3 THEOREMS

Theorem 3.1: The category of fuzzy groups has epimorphic
images.

1057

Proof. We prove the theorem via two lemmas.

Lemma 3.2: The category of fuzzy groups has images.

Proof. Let (f,a): (X, u)— (Y,n) be any given fuzzy
group homomorphism.

e f0 =9, 3

Define f,: X — f(X), as f (x)=f(x) forallx e X.
Mm:f(X) > [0,1] asn, f(x) = nf(x) and
aq: M(X) - nlf(X) as al:u(x):nl fl(x) =7 f(X)

ay  MmfX) g
u(X) n(Y)
K M n
X M i ¥
tig. 4

Let Uf(xy: f(X) > Y and it o) i F(X) > m(Y) be the
respective inclusion maps. Then

(f(X),n,) isafuzzy subgroup of (Y,7).In fact

(it (xy»ipf(x)) ) is a strong monomorphism.

Claim. (if(X) /i f(X)):(f(X), M) >V, 1) s an image
of (f,).

Now from the definitions, it follows that for all x € X,
irx)y fi(¥) =lgx) F0)=f(x)

so that irx)° f1 = f.
(if(x) lirhf(X) ) (fr ) =(f, )

Thus condition (i) of definition 1.2 is satisfied.

Suppose there exists a morphism (g, £) (X, u)—(J,0)
and a strong monomorphism (4,t):(J,8)—(Y,n) such
that (4,t)(g9, 8)=(f @) 1)
Define h: f(X) — J by hf (x)=g(x) (2)
Then h iswell defined.

f(x) = f(x;)

= 99(%,) = 99(X;) [ from (1)]

= 9(x,) = g(X,)[ since 4 is injective .

Similarly i, ¢x)ca;=a so that

For
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Moreover Since (:X —J isahomomorphism of groups,

h is also a homomorphism of groups.

Alsoforall X e X, 9nf(X)=99(X) (by (2))
= £(x) (by®)
= vh = lf(X) ©)

Again we define y: 1) (f(X)) — 0(J) as follows
Given x € X, n; f(x) =nf (X)
=mvg(x) (by (1))
=ty (X) [since nI=tO]
Hence for each X € X, there is a unique 0g(x) € 8(J)[
since t is injective] such that7, f (X)=t&y(x) (4)
So define
vimfX) = 00 byynfx) = 0g(x) )
[y is well defined since #f (X,)=n f(X,)
= ndg(x,) =n99(X,)
= tég(XJ :tég()(?)
= (X)) = ()]

Moreover for all x € X, yn, f(X) = ynf (X) = Y(X) [ defini-
tionof 7]

= 6hf (X) [since g=hf ]
and so yn, =6h.

Thus (h,}/) (f(x),7,)>(J,80) is a fuzzy group homo-
morphism.

(f(&X).m)

(A D—’/ﬂ'/ / \GJ‘{II"-I'W-_I{I}}
(f.2) .

(X. 1) (r.m

\[QH}\\:FE 7) / (v.1)

(J.6)

fig. 5

Finally forallx € X, ty(n.f(x)) = t0g(x)
[by (5]

n9g(x) [since td=nv]

n f(X) [sincevg=f]

=1, F(X
which implies that
ty = (frer lmp ) (6)

from (3) and (6) we have

(U' t) (h' }/) = (if(x)' imf(x))
Thus condition (ii) of definition 1.2 is also satisfied.
Thus the category of fuzzy groups say ¥ has images.

1058

Lemma 3.3: Let (f,a)(X, ) —)(Y , 77) be a fuzzy group
homomorphism and let

(X, 1) =150 (1, ) )
be a factorization of (T, &) through its image

(u,s)

(u,s):(1,&) > (Y, 7). Then (fl ,al) is an epimorphism.

proof. Let (0;,/),(9,,5,) (I,

%roup homomorph1sm such that

%1(hﬂ,172)(]%l'5 0)—( I(% bﬂezt)h(gféquallzer for "

(9,,4) and (g,,,) [ This exists by [4] ]

E)—>(C,7) be fuzzy

(X, 1)
(f-%)
(k: 5)'“'

(Elnﬁl)
@.5)

[

hp)y (LD

(, 9) (Cz)

fig. 6
Then (9,,/) (N, 7) =(9,,5,)(h,7) ®

Now from (1) and the definition of an equalizer there exists a
unique fuzzy group homomorphism

(k,6):(X,u) > (E,08) such that

(h,7) k,8)=(f, @ ©)
Hence (U.8)(h ) (K.8)= (0.8)(f,.e0) = (F.a) (10)
Thus (f,@) factors through (E,&).
Therefore by the definition of an image , there exists a unique
fuzzy grous homomorph1sm (p a)) (| ¢ ) - (E 0) such

that (u, s) (h, v)(p,0) = (k,s)
@O
iy )
(p.®)
XKW () @, m

(E.8)

fig. 7
This implies that (h,7)(p,®)= identity on (I,£)  (11)
Now from (2) (9;,/,) (N, 7) =(9,./5,) (h,y)
= (9., 8)(h,7)(p,®)=(9,.5,) (h,y)(p,®)
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=(0,,8) =(9,.5,) by ©)

Hence (f;, 1) : (X, 1) > (1, &) isan epimorphism.

Proof of the Theorem. From 3.2 and Lemma 3.3, it follows
that ¥ has epimorphic images.

Remark 3.4: We can prove that any two images are isomor-

1059

is a fuzzy subgroup = § is injective )

Thus given X € P, there is a unique 8(z) € 6(Z) ( z need

not be unique ) such that
ae(x) = 60(z).
Define B;: €(P) — 0(Z) as B1e(x) = 0(2) if

phic fuzzy groups. Hence for practical purposes the image of ae(x) = 60(z) 13)
(fra): (X, u) > (Y, n) will be taken as (f(X),7,) Claim1.(py,By): (P, € ) — (Z,0)is afuzzy group
where 17, is the restriction of 77. homomorphism.
Theorem 3.5: The category of fuzzy groups has inverse imag- Now forall X & P, 6p1(x) = 6(z) where
es. f(X)=u(z) [by (12)]
Proof.
xeX
Let P=(* <%/ ) cu) =(P) A 6(2)
ThenP is a subgroup of X. For if X ,X,€P and
X, =u(z,),X, =u(z,) where z,,2,€Z , then € &
x50 = u(z)(u(z) ™ = ulzulzz )
= u(z, z3%) € u(Z) P 3 z
so that X; ,Xzf1 €P and hence P isa subgroup of X. fio 8
. . B ig.
Define €: P H—> [0,1] as €(x) = u(x),forall XxeP, Also ae(x) = 86(2) so that Bre(x) = 6(2) by )
that is € = / p - Then (P,€) is a fuzzy subgroup of Hence Op;(x) = 0(2) where f(x) = u(z) from (3).
(X, u). Thus forallx € P, Bi€(x) = OP;(x) so that
L € = OP,.
Consider(lp » le(p) ) : (P ) 6) - (X, u). From the Hence the claim1. o
definition of €, we see that for all Xe P, pip(x)= Claim2. (u ;5) (p1' ﬁl) = (f' 0{) (ips le(P))
. . . Now forall x € P, up;(x) = u(z), if fix)=u(z) by (1)
u(x) = €(x) = igpy€(x) sothat flip = ic(p) €. - fx)
Hence (ip » Lep) ): (P, E) - (X, p) is a fuzzy Sup :ffllz(x) @
. 1~ P
group homomorphism. Also for all x € P,6B1€(x) = 86(z)
Moreover since iE(P) : €(P) > u(X)isinjective. when(e ﬁ)lg(x) =0(2)
T . . if ae(x) = 660(2) by (2)
(lp » Lep) ) ..(P , E) - (X, n) isa fuzzy subgrm.lp. Hence 0B, ¢(x) = 66 (2)
Next we define a fuzzy group homomorphism —ae(x)
(p1,PBL): (P,E) - (Z,0) as follows. = a_ie(P)e(x) for all x € P.
Now x€ P = f(x) = u(z) for some z € Z ( by defini- Therefore 63, = a le(p) B)
tion of P), From (A) and (B) we get claim (2)
Moreover U(z,)=U(Z,) = Z; =Z, since U is injective. o 8 B
Thus x € P = there is a unique z €Z such that “ @ n ez 7 Gt‘f e
f(xX)=u(z). ”t T"? 9T ?:'1 e Ta
Define p;(x) =z if f(x)=u(z) (12 X f, Y oz w ¥ P _n ., 7z
Againxe P = f(X)=u(z),zeZ <@ > s <®
= 11f (X) = 1u(2)
= au(X) =nu(z) [since au =nf] = p & e
= ae(x) = nu(z) [since€e = M/P] P, F ek P
= ae(x) = 66(z) [sincenu = §6] .
Also 80(z,) = 66(z,) = 0(z,) = 0(z,) (since (w, ) fig.9
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Suppose there exists (qq,81) : (Q, f) - (Z,0) and

(q2,67) : (Q,f) — (X, 1) such that

(u,6)(q,,6,)=(f,a)(Q,,5,) (14)
We define (h,y) : (Q,&) = (P, €) as follows
Lett € Q. Thenq,(t) € X and q,(t) € Z such
that £q,(t) = uq,(t) € u(z).
Hence (,(t) € P (by definition of P) and
P12 (t) = q1(t) by definition of p; .
Define h: Q —» P as h(t)=q,(t) (15)

Also define y : €(Q) — €(P) by
yé() = 6§() t€Q

Hence claim 2.

Claim 3:

y is well defined. (that is we have to prove that
6,¢(t) belongs to P)

(@ & a®m
4 u
Q g X
S

fig. 10

Now forallt € Q,8,6(t) = uq,(t)

1060

= ad,(e(t)) _ 861(e(®))

[ since O is injective ]
We conclude that 515, (E(t)) = §,(e(t)) (19)
From (7) and (8) we conclude that B,y (€(t)) = 6;(e(t))
(Since 6 is injective )
In other words 81y = §;
Thus the category of fuzzy groups has inverse images.
Note 3.6:
As in any category we can prove that any two images / in-
verse images are isomorphic.
Remark 3.7: Since any two inverse images can be proved to
be isomorphic fuzzy groups, from the construction in proposi-
tion 3.1.23. it follows that the inverse image of a fuzzy sub-
group (i, 1,1)):(Z,7") > (Y, 7) by )
(f, a)i X u)—>(Y,n) canbetakenas (f~(2),u")
where f1(2) = {x € X given f(x) € Z} ( set theoretic inverse
image ) and ' is the inclusion.

(20)
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[ since 525 = Uq,1 = €q, Newyork 1972.
[since g,(t) € P and € = /P and so §,¢(t) belongs
to €(P) [since q,(t) € P]
Thus y is well defined.
Moreover forallt € Q
s () = 628(t)

= g2 (t) [since (q2,82): (Q,€) = (X, p)isa
fuzzy group homomorphism]

=€q,(t) [since Q,(t)eP ande = M/P 1
=€h(t) [ by definitionof h')
Hence Y€ = €h sothat (h,y): (Q,&) » (P, €)is a
fuzzy group homomorphism. Finally by definition of / and
y we haveip h = ¢ and i¢(py ¥ = 8, sothat
(ip, fery) (B, ¥) = (q2,62) (16)
Claim 4 :
(pi, B)(h,y) =(a,6,)
Now for all t € Q, p; h(t) = p1q,((by definition of h )
= q:1(t)
and hence p;h = (17)
Alsofor all t € Q, ﬂly(e(t)) = B16,(e(t)) (18)
and 618,(e(t)) = a ip)0,(e(t))
[since 5ﬁ1 =qai E(P)]
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